Abstract. The ferroelectric order and magnetic field induced effects observed in the spiral phase of MnWO 4 are described theoretically. It is demonstrated explicitly that the Dzyaloshinskii-Moriya antisymmetric interactions contribute to the correlation between spins and electric dipoles in the incommensurate and commensurate ferroelectric phases of magnetic multiferroics. However, other single-site symmetric interactions are shown to be involved in the magnetoelectric process, suggesting the possible existence of an electric polarization originating from purely symmetric effects.
Introduction
A typical feature of multiferroic materials undergoing a transition to an elliptic spiral ferroelectric phase [1, 2, 3] , is the existence of spectacular magnetoelectric effects, such as the polarization flops observed in T bM nO 3 [4] and DyM nO 3 [5] , or the sign reversal of P y disclosed under magnetic field in T bM n 2 O 5 [6] . The theoretical description of these effects requires knowledge of the order-parameter symmetry associated with the ferroelectric transition. Besides, the orientation of the applied magnetic field with respect to the magnetic spins influences the stability range of the spiral phase and the polarization flop process. This property was recently illustrated by remarkable magnetic field induced effects observed in the ferroelectric phase of M nW O 4 : The stability range of the phase depends on the direction of the applied field [7, 8, 9, 10] , which induces a high-field polarization-flop transition [11] . Here we show that these directional effects result from the order-parameter symmetry associated with the ferroelectric phase of MnWO 4 , the stability of which depends on the respective orientations of the magnetic field and magnetic easy axis. It is of fundamental interest to understand what is the microscopic mechanism behind the magnetoelectric coupling in multiferroics. It is generally believed [3] , that in RMnO 3 (R=Tb, Dy, Gd) the antisymmetric Dzyaloshinskii-Moriya (DM) interaction is the microscopic origin for the ferroelectric polarization. For RMn 2 O 5 the spins are almost collinear in the main ferroelectric phase and it is claimed [12] that symmetric exchange striction induces ferroelectricity. To gain insight into the microscopic mechanism for ferroelectricity in MnWO 4 we express the order-parameters in terms of the magnetic spins and provide the correspondence between spins and electric dipoles. This analysis confirms that the Dzyaloshinskii-Moriya (DM) interactions [13, 14] contribute to the electric polarization in the incommensurate spiral phase but, additionally, shows that they participate as well in the formation of the dipole moments in the commensurate ferroelectric phases of magnetic multiferroics. We also find that the DM interaction is not the only microscopic source of the polarization: Other symmetric interactions are shown to be involved in the magnetoelectric process, suggesting the possible existence of a polarization induced by purely symmetric effects.
P→AF3→AF2→AF1 Transitions
Below its wolframite-type paramagnetic (P) structure, of monoclinic P 2/c1 ′ symmetry, MnWO 4 undergoes three successive magnetic phase transitions [7, 8] at 13.5 K (T N ), 12.7 K (T 2 ) and 7.6 K (T 1 ). They lead, respectively, to an incommensurate magnetic phase (AF3), an incommensurate elliptical spiral phase (AF2) displaying an electric polarization P //b, and a commensurate magnetic phase (AF1). The transition wavevectors [7] are k inc = (−0.214, 2 ) for AF1. They are associated with two bidimensional irreducible corepresentations of the P 2/c1 ′ space group [15] , denoted by Γ k1 and Γ k2 in [7] , whose generators are given in Table I . Table 1 . Generators of the irreducible corepresentations Γ k1 and Γ k2 of the P 2/c1 ′ paramagnetic space group, deduced from the irreducible representationŝ τ 1 andτ 2 of G k = my, given in Kovalevs tables [15] for k inc and kcom . T is the time reversal symmetry. For AF2 and AF3, ε ≈ 0.457π, ε 1 ≈ 0.418π and ε 2 = 2ε. For AF1, ε = ε 1 = π/2 and ε 2 = π.
The complex amplitudes transforming according to Γ k1 and Γ k2 , which form the order-parameter components, are denoted byS 1 = S 1 e iθ1 ,S 1 * = S 1 e −iθ1 and 
Minimizing Φ 1 shows that five distinct stable states, denoted I-V, may arise below the P-phase for different equilibrium values of S 1 ,S 2 and ϕ, summarized in Fig.1(a) . The theoretical phase diagram shown in Fig.1(b) gives the location of the phases in the (γ 1 , α 1 − α 2 ) plane.
Neutron diffraction data [7] show that the incommensurate magnetic AF3 phase induced by Γ k2 corresponds to S e 1 = 0 and S e 2 = 0, coinciding with phase I in Fig.1(a) . Its structure has the antiferromagnetic grey point-group 2 y /m y 1 ′ , involving a doubling of the b−lattice parameter, and an incommensurate modulation of the spin density in the (x,z)-plane. The AF2 spiral phase, induced by Γ k1 + Γ k2 [7] , corresponds to phase II in Fig.1(a) with S 
which changes its sign for opposite senses of the spiral configuration, as observed by Sagayama et al [9] . The order-parameterS 2 , activated at the P→AF3 transition, is frozen at the AF3→AF2 transition, i.e. independent of temperature below T 2 . Therefore, Eq.(2) expresses a linear dependence of P e y onS e 1 , since δε 0 yy S e 1 acts as a temperature independent coupling coefficient.
In the AF2 and AF3 phases Φ 1 can be truncated at the fourth degree since the eighth degree invariant is necessary only for stabilization of phase V (of Fig.1a ).
Putting α 1 = a 1 (T −T 0 ) and α 2 = a 2 (T −T N ) and minimizing Φ 1 of Eq.(1) with respect to S 1 and S 2 one obtains the equilibrium values for the order-parameter components S 
For T≤T 2 (AF2 phase) one obtains
Inserting Eq. (4)into Eq. (2) one finds that the spontaneous polarization in the AF2 phase varies as
The dielectric permittivity follows a Curie-Weisstype law around T 2 with
. Fig.2 shows that P e y (T ) and ε yy (T ) perfectly fit the experimental curves reported by Taniguchi et al. [8] . This confirms the hybrid character of the ferroelectricity in spiral magnets, recently found [17, 18] also for TbMnO 3 and TbMn 2 O 5 : The squareroot temperature dependence of the polarization (Eq.(6)) and the Curie-Weiss type behaviour of ε yy expressed by Eq. (7) are typical for a proper ferroelectric transition, whereas the low value of P y ≈ 40µC/m 2 measured at 10 K [16] is of the order found in improper ferroelectrics. Let us now turn to the AF1 phase. Neutron diffraction results [7] indicate that the transition to the commensurate AF1 phase triggers a decoupling ofS 1 andS 2 . Using Table 1 one finds that the lock-in at T 1 , induced by Γ k2 , gives rise to the additional invariant ℑ 4 = S 4 2 cos(4θ 2 ). The Landau expansion associated with the transition to AF1 is:
The equations of state show that three commensurate phases, denoted by I'-to-III', displaying a fourfold increased unit-cell (b+c,c-b,2a+c), may appear below T 1 . The AF1 phase corresponds to phases I' or II', stable for cos(4θ e 2 ) = +1 or −1, respectively, both described by the magnetic space group C a 2/c. Phase III', stable for cos(4θ
, has the symmetry C a c. . Fit (lines) of the temperature dependence of the spontaneous polarization P e y (T ) and the dielectric permittivity εyy(T ) using Eq. (6) and Eq. (7). The points are data from Taniguchi et al. [8] . The fit parameters are A = 21.8µCm −2 K −1/2 , C = 0.001, D = 0.0001 and ε 0 yy = 12.3.
Directional magnetic field (magnetoelectric) effects
The AF1 and AF2 order-parameters allow describing the magnetoelectric effects [8, 9, 10, 11, 19] observed in MnWO 4 . The magnetic phase diagram can be calculated by adding the magnetic part of the free-energy and the coupling invariants
to the Landau-expansion Eq.(1) or (8) .μ is the paramagnetic susceptibility tensor and i=x,y,z. Due to the anisotropy of the magnetic free-energy the AF2 stability range depends on the angle Ψ 0 = 1 2 tan −1 2µ xz (µ zz − µ xx ) −1 between B and the magnetic easy axis in the paramagnetic phase. If B is at an angle Ψ with the x-axis, one finds:
where
xz . For ε < 0 the AF2 stability range is maximum for B along the easy axis (Ψ = Ψ 0 ). It decreases when Ψ increases from Ψ 0 to Ψ 0 + π/2, reducing to the stability range at zero field if µ xz , µ xx << µ zz . Such variation has been observed in the AF2 phase [10, 20, 21] , in which Ψ 0 ≈ 35 o coincides with the direction of the spins in the (x.z)-plane. When B is at an angle ψ with the (x,z)-plane the AF2 stability range decreases when ψ increases from ψ = 0 to ψ = π/2, as reported experimentally [10, 20] . To get an overview about the magnetic field dependence of the various phases in MnWO 4 it may be useful to consider a simplified version of the free energy expansion by neglecting the non-diagonal parts ofμ. Then by minimizing the free energy with respect to M i one obtains for the magnetization in x,y or z-direction
and the phase transition temperatures are shifted under applied magnetic field B i as
where T α := T 1 , T 2 or T N and a > 0 is the bare expansion coefficient of the second order term in Eq.(1). Eq. (12) shows, that the phase transition temperatures depend quadratically on the applied magnetic field and the sign of the magnetic field shift of T α depends only on the sign of the coupling coefficient κ i , which itself can be determined from the changes of M i with temperature (see Eq. (11)). Fig.3 sketches this behaviour. Eqs. (11) and (12) describe the magnetic phase diagram (see e.g. Fig. 5 of Ref [20] ) perfectly. The strongest downshift of T 1 occurs in x-direction, which corresponds also to the strongest negative anomaly in M x at T 1 , implying κ x >> κ z > 0 as seen from Fig. 3 of Ref [20] . This figure also shows that κ y < 0 at T 1 (M y displays an upwards anomaly at T 1 ) and therefore T 1 (B y ) increases with applied magnetic field. In this way all particular features of the phase diagram can be reproduced. In the following we will briefly discuss the effect of a very high magnetic field B y . Above a threshold field B , the AF2 phase switches to the high-field phase III', which cancels P y and gives rise to the polarization:
deduced from the dielectric free-energy Φ 
projections of the vectors
In phase I'(S Figs. 4(a) and 4(b) show that the magnetic structure of the AF1 phase of MnWO 4 coincides with the antiferromagnetic order of phase II' (Fig. 4(b) ), since the cancellation of the (a,c)-spin-components on the sites 1,2,7 and 8 in phase I' (Fig. 4(a) ) was not observed [7] in AF1. The lack of spin components along b reported in this phase [7] may be due to their relativistic origin, as suggested in [7] . In phase III'(S 
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Figure 4. Calculated magnetic structures of (a) phase I' and (b) phase II', described in the text. The two additional grey arrows oriented in (x,z)-plane located at the two atoms in the bottom left of (b) indicate the previously refined [7] magnetic structure of the AF1-phase. The coordinates of the eight Mn 2+ ions corresponding to the spins s 1 − s 8 , in the primitive monoclinic unit-cell of the two structures are for ion 1 1 2 , y − 1, ,ȳ, 7 4 , 7 3 2 ,ȳ, , 1 − y, 7 4 . the same form of P y ∝ 1 2i (S 1S2 * −S 2S1 * ) = S 1 S 2 sin ϕ as in the AF2 phase. Although these structures are not stabilized in MnWO 4 , they are lock-in limits of the incommensurate AF2 structure, and can be used for investigating the microscopic origin of ferroelectricity in the spiral magnetic structure. SinceS 1 andS 2 are both realized by three independent combinations of spin components and taking into account the equilibrium relationships s 1 = −s 2 , s 3 = −s 4 , s 5 = −s 6 and s 7 = −s 8 which hold for all commensurate structures of MnWO 4 , P y is expressed as the sum of nine terms: 
The δ 1 − δ 4 terms in Eq. (17) , s 7 ) . The DM interaction [22, 23] is currently assumed as the microscopic source of the polarization in the spiral structure of magnetic multiferroics [11, 13] . Our results confirm explicitly this view in MnWO 
Summary and conclusion
In summary, the present work clarifies the nature of the ferroelectric order occurring in the spiral phase of MnWO 4 , and gives a theoretical description of the field-induced effects observed in this compound. It confirms that the antisymmetric Dzyaloshinskii-Moriya interaction is involved in the formation of dipolar moments in the incommensurate and commensurate ferroelectric structures of magnetic multiferroics. It also shows that other symmetric effects participate in the ferroelectricity observed in these compounds, suggesting the possible existence of an unconventional ferroelectricity in magnetoelectric materials originating from purely symmetric interactions. Symmetric exchange interactions may mediate magnetoelectric coupling in the E-type commensurate perovskite manganese oxide compounds [24] . For these materials a large ferroelectric polarization was predicted [25, 26] and recently found in TmMnO 3 [24] . Our theoretical description of the magnetoelectric effects in MnWO 4 differs in important aspects from the theoretical approach to this compound proposed by Harris [27] . We determine from pure symmetry considerations the irreducible degrees of freedom (co-representations) involved in the observed sequence of phases, the corresponding order-parameter symmetries and the form of the transition free-energies and related magnetic, dielectric and coupling contributions, which allow describing the observed magnetoelectric effects. At last we take into account the actual positions of the Mn ions in order to establish the connection existing between our phenomenological order-parameters and the magnetic spins or electric dipoles. Harris follows an opposite procedure, starting from the actual magnetic structure which permits construction of allowed spin functions. These functions are then related to the order-parameter components, the transition free-energy and coupling to the polarization being deduced from semi-empirical considerations. The advantage of our approach is that it provides the full set of stable states allowed by the order-parameter symmetries (one of which being stabilized under high magnetic field), a detailed topology of the corresponding phase diagram, a faithful description of the critical behaviour, including the specific pseudo-proper (not improper) character of the induced polarization [17] , which has been overlooked by Harris. It also yields a precise explanation of the various magnetoelectric effects observed in MnWO 4 (not described by Harris) and an explicit determination of the different types of interactions contributing to the polarization.
